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I (15 Points) Consider the vector field 7 = (—sin(z+y) +22e¥%) i+ (- sin(z +y) +3%€¥ %) j+ (22ev+) k.
a. Prove that F is conservative.
b. Find a potential function f, for the feld F. -
¢. Find the flow of F over the curve r(t) = sin(¢)i+¢j + sin(¢t) k from t = 7 to t = 2.
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- IL (15 Points) Calculate the counterclockwise circulation of the vector field F — ry®i—qP J around the curve
C' which consists of the part of the parabolay = z2 — 1 for —1 < z < 1along with the positive semi-circle
centered at the origin and joining (—1,0) to (1,0):

a. Using Green’s theorem.
b. Directly using line integral.
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- III. {15 Points)
a. Find the volume of the solid enclosed by the paraboloid of equation z = a® — z% — 32 from above and by
the plane of equation z = () from below.

b. We denote by D the region inside the paraboloid z = 5 — z? — y* bounded below by the plane z = 1 and
above by the plane z = 4. Find the outward flux of F = 1+ ¢ j + 2 k across the boundary of D:

i. Using the divergence theorem.
ii. Directly using surface integral.
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- IV. (15 Points) Let { P) be the paraboloid of equation 2 +4? = 2z, and the vector field F = zyi+z2? j+ 22 k.
Let € be the intersection of (P} with the plan of equation z = 2.
Find the counterclockwise circulation of F around the curve C' when viewed from above:

(a) Direcﬂy using line integral. | A
(b) Using Stokes’ theorem in two different ways. \ 4 A~ ﬁ
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" V. (15 Points) Study the function f(z,y) = 0T 3:2)?,1 e for local maxima, local minima and saddle

points.
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~ VL (15 Points) We are going to manufacture a rectangular box in order to pack an iPhone with its accessories.
Apple suggests a box that has 2z as length, 2y as a width, z as a height, no top, two dividers (see the figure
below) and a fixed volume of 72 cm®. It has metal dividers, but cardboard sides. Metal costs 2 times as
expensive as cardboard. For what dimensions Apple can minimize the cost of the box?
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VIL (15 Points) Find the triple integral / f / L Areyer.
‘ D VTi+y?+ 22

where D is the domain limited by the two spheres

2 +yi+ 2 =landz?+¢4°+ 22 =4
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